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The quest to realize novel phases of matter with topological order is an important pursuit with
implications for strongly correlated physics and quantum information. Utilizing ideas from state-
of-art coherent control of artificial quantum systems such as superconducting circuits and ultracold
atoms, we present a proposal to realize bosonic fractional quantum Hall physics on small lattices by
creating nearly flat topological bands using staggered flux patterns. Fingerprints of fractionalization
through charge pumping can be observed with nearly perfect quantization using as few as 24 lattice
sites. We suggest an implementation using a finite lattice of superconducting qubits with cylindrical
connectivity. A cold atom realization may also be possible in a one-dimensional chain of trapped
atoms by exploiting internal energy levels as a synthetic dimension.
Engineered quantum systems have galvanized the
search for novel phases of matter that are not readily
realized in conventional solid state systems. Topolog-
ical insulators, for instance, have been extended from
their original realization in electronic materials near their
ground state [1, 2] to distinct topological classes in Flo-
quet [3–5] and non-Hermitian systems [6–9]. Such non-
traditional Hamiltonians are often demonstrated in arti-
ficial quantum systems like ultracold atoms in an opti-
cal lattice [10, 11] or superconducting circuits [12, 13],
where state-of-art coherent control allows terms that do
not otherwise arise naturally.
The complex pattern of entanglement in topologically
ordered systems makes their realization particularly chal-
lenging. The artchetypal example of topological order is
the fractional quantum Hall effect [14–17]. Despite being
realized in two-dimensional electron gases more than 30
years ago, it continues to inspire new ideas and methods
to this day [18–20]. An essential ingredient in quantum
Hall physics is breaking time reversal symmetry. In en-
gineered quantum systems, this has been accomplished
through different schemes such as rotation [21, 22], Ra-
man scattering [23–27] and lattice shaking [28–30], which
play the role of magnetic field in conventional quan-
tum Hall systems. Compared to the solid state, how-
ever, these artificial systems are more versatile, allowing
greater addressability and control over external fields and
different observables to be detected. Furthermore, engi-
neered quantum systems can operate with fermionic or
bosonic degrees of freedom, allowing avenues to bosonic
fractional Hall states that are not readily available with
electrons [31, 32]. Beside the fundamental questions of
what phases of matter are possible, it is expected that
these topologically ordered phases will have applications
in quantum devices and topologically protected quantum
computation [19, 33].
In this manuscript, we present an experimental pro-
posal to realize bosonic fractional quantum Hall physics
on small two-dimensional lattices. The key insight is
that, by employing a staggered flux configuration – made
possible by the novel control axes in engineered quantum
systems – a nearly flat topological Chern band can be
realized. By fractionally filling this band and emulat-
ing a Laughlin-type charge pump, nearly perfect frac-
tional quantization of topological transport may be ob-
served for lattices as a small as 6 × 4 sites. Further-
more, the timescales and Hamiltonian parameters used
to demonstrate this are on par with those in state of
the art superconducting circuits [12] and ultracold atom
experiments [23, 24, 26]. We explicitly show that this is
compatible with recent realizations of Floquet engineered
fluxes in superconducting g-mon qubits [12], which com-
bine long coherence time with time-dependent control
over hopping parameters and thus can be used to em-
ulate hardcore bosons with complex hopping. We also
suggest how similar physics may be possible by exploit-
ing the idea of a synthetic dimension encoded by the hy-
perfine energy levels such as the |F = 1/2〉 manifolds
of 87Rb, using one-dimensional optical lattices similar
to those that realized non-interacting integer quantum
Hall states [34]. While a handful of theoretical papers
have proposed to realize bosonic fractional quantum Hall
physics (cf. [35, 36]), we expect that by pushing the re-
quired system size down to such small values, our pro-
posal will be an important step in doing so experimen-
tally.
Model – Throughout this paper, we consider the Bose-
Hubbard Hamiltonian in two dimensions, which has been
achieved experimentally for both ultracold atoms and su-
perconducting circuits [30, 37]:
H0 =−
∑(
Jmn1 a
†
m+1,nam,n + J
mn
2 a
†
m,n+1am,n
+Jmn3 a
†
m,n+1am+1,n
)
+
U
2
∑
nˆm,n(nˆm,n − 1). (1)
This form is chosen to allow easy generalization to square
or triangular lattices. J1,2,3 are the complex nearest
neighbor tunneling coefficients, with J3 = 0 for square
lattice, and we have neglected a uniform on-site chemi-
cal potential. nˆm,n = a
†
m,nam,n is the number operator
at site (m,n) with a†m,n the creation operator. For sim-
plicity, we will first assume hardcore particles (on-site
interaction U → ∞), after which we show that the rele-
vant physics survives at finite interaction strength. For
specificity, we choose |Jmn1,2,3| = J = 2pi × 30 MHz, com-
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FIG. 1: Illustration of the staggered flux lattices. (a) A tri-
angular lattice with flux pattern ψ/0 in neighboring triangles
shows (b) a butterfly band structure with nearly flat topo-
logical band at ψ = pi/2. Coloring of bonds in (a) indicates
hopping phases to realize this flux pattern. The inset to (b)
shows the triangular lattice with uniform flux ψ for compar-
ison; and φ0 = 2pi. (c) Staggered square lattice with flux
pattern ζ/0, yielding (d) topological flat band near ζ = 2pi/3.
mensurate with tunneling rates for superconducting cir-
cuits [12], and set ~ = 1. Importantly, the phases of the
hopping terms Jmn1,2,3 will be carefully designed to give
desired flux patterns. This is readily achievable using
tools of Floquet engineering, and has been accomplished
in both superconductors [30] and cold atoms [38, 39].
Triangular lattice – We first consider a triangular lat-
tice with flux configuration shown in Fig. 1(a), with
flux ψ and 0 in adjacent triangles respectively. Exper-
imentally, this can be achieved by having Jmn1 = J ,
Jmn2 = J exp [imψ] and J
mn
3 = J exp [i(m+ 1)ψ]. In
order to optimize the working parameters to achieve the
fractional quantum Hall states, we first obtain the band
structure in the absence of interactions (analogous to the
Hofstadter butterfly [40]) as a function of flux ψ. The
results, shown in Fig. 1(b), indicate significant band flat-
tening compared to uniform flux (Fig. 1(b), inset). In
particular, at ψ = pi/2, there are four bands, with the
bottom band nearly flat.
We first consider the lattice on a torus with twisted
boundary conditions to understand the topology of the
states. We calculated the many-body Chern number [41,
42],
C =
1
2pi
∫
dφ1dφ2Tr
[
∂A2
∂φ1
−
∂A1
∂φ2
]
(2)
where Aαmn = −i〈mφ1,φ2 |∂φα |nφ1,φ2〉 is the Berry connec-
tion matrix calculated within the degerate ground state
sector. At half filling, ν = 1/2, for a 6× 4 we have 3 par-
ticles, and the ground state manifold is two dimensional.
The calculation gives C = 1 = 1
2
+ 1
2
for the ground state
manifold, consistent with a fractional ν = 1/2 bosonic
quantum Hall state [43]. Further calculations confirm
that this topological band is robust for most other sys-
tem sizes at half filling, and for the non-interacting case
we find C = 1 in the thermodynamic limit.
Experimentally, the hallmark of the fractional quan-
tum Hall effect is conductance in a Hall bar geometry,
but this is not practical in such small, isolated quantum
systems. Instead, we consider the theoretically proposed
Laughlin charge pump [44, 45], which we argue is actually
realizable in engineered settings. When a quantum Hall
state is prepared on a ring or cylinder and a single quan-
tum of magnetic flux is adiabatically inserted through
the center, an electric field will induced around the cross
of the cylinder (see below), and some effective (fraction-
ally) charge will be pumped from one side to the other,
which gives the quantized Hall conductivity. In this case,
the quantized charge (Q2pi) is expected to be equal to the
filling factor ν [16].
We test quantized transport by placing the system on
a cylinder with periodic boundary conditions in the J2
direction and open boundary conditions in the J1 direc-
tion, as shown in Fig. 1(a). The charge transported as
a function of flux (φ) injected through the cylinder is
obtained as
〈Q(φ)〉 =
1
L
∫ φ
0
∂φ′P (φ
′)dφ′, (3)
where L is the length of cylinder in the open (J1) (open
boundary) direction and P (φ) = 〈
∑
i xi〉φ is the many-
body polarization in J1 direction, with 〈· · · 〉φ the average
over the evolving state of the system at flux φ. We con-
sider flux which is injected at a constant rate φ˙ = 2pi/T ,
which is equivalent to adding a small transverse electric
field Ey = −φ˙/Ly.
Our numerical calculations show that for a lattice as
small as 24 sites, the ν = 1/2 fractional pumping survives
with a quantization accurate to 99.6%, as shown by the
blue dots in Fig. 2(c). Importantly, this data corresponds
to finite pumping time T ∈ 15−60 J−1, rather than adia-
batic flux insertion (T →∞). This is because there is en-
ergy splitting between the degenerate ground states due
to finite size effects; topological pumping requires cross-
ing this gap diabatically. Numerically, we have confirmed
that the results are not significantly affected by changing
T within about 50% of the optimal value, Topt ∼ 40/J ,
which is estimated to be maximally diabatic with respect
to the ground state manifold and adiabatic with respect
to excitations out of this manifold. The observed quan-
tized charge pumping breaks down when the pumping
time T deviates significantly from this optimal value, as
can be seen in the supplement [46].
Square lattice – While triangular lattices have certain
advantages, square lattices are often more natural ex-
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FIG. 2: Observation of fractional quantum Hall transport for
24 sites and filling factor ν = 1/2 on a triangular lattice. (a)
Schematic showing flux insertion for a finite triangular lattice
on a cylinder. (b) Charge transport during flux insertion as
shown in (a) starting from ground state. For J = 2pi × 30
MHz, the curves correspond to T = 0.5, 1, 1.32, and 2 µs.
perimentally. Therefore, we attempt to find the same
physics on square lattices, employing the flux configu-
ration shown in Fig. 1(c). the single particle energy
spectrum (Fig. 1(d)) shows flat, low energy bands near
ζ = 2pi/3. The first two bands are well separated from
the higher energy bands, and we find that they together
yield C = 1 suggesting that they are amenable to frac-
tional Hall physics at partial filling.
Our numerical simulations confirm this prediction. For
ν = 1/2, the fractional Hall effect survives to system size
as small as 2 lattice sites in the y (periodic) direction
and 18 sites in x direction (Fig. 3(a), red stars). A well
defined quantum charge pump, (Q2pi = 0.5 indicated by
the magneta solid line) could be observed for a relatively
large time window ([0.5, 3.5] µs for J = 30 MHz), and
the result shown is for T = 84 J−1 which is 2.8 µs for
J = 30 MHz. The evolution of the energy as a function
of φ shows a similar minimal gap (similar Tc) as for the
triangular lattice. Plots of the local charge density con-
firm that the lower energy states correspond to the edge
states [46].
By changing the system size, we can achieve other frac-
tional quantum Hall states on the square lattice as well.
For Lx × Ly = 6 × 8 or 8 × 6 and filling ν = 3/8, a ro-
bust Q2pi = 0.375 (shown by the magenta dot-dash line)
pumping is observed (Fig. 3(a)). The solid black in shows
the result for size 6×8 with T 1.1µs (|J | = 30MHz); the
green dashed is a single calculation for size 8× 6. Other
fractional fillings give well-quantized transport, such as
ν = 1/2 for 2 × 18, ν = 3/8 for 6 × 8 or 8 × 6, and
ν = 1/4 for 4 × 12, as shown in Fig. 3(a). For frac-
tions and lattice sizes that did not give strong fractional
Hall signals, a key issue is lack of separation between the
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FIG. 3: Realizing fractional quantum Hall physics with a fi-
nite square lattice using g-mon qubits in with cylindrical con-
nectivity. (a) Fractional charge pumping for hardcore bosons
on a square lattice (U ′ = 0). (b) Fractional charge pumping
for non-hardcore bosons with finite interactions between sites
in the y-direction (see Eq. 4). (c) Schematic showing cylin-
drical geometry using the |F = 1〉 and |F = 2〉 manifolds of
87Rb atoms in one-dimensional optical lattice.
“small” gap between nominally degenerate ground states
and the “large” gap to other excitated states, preventing
the existence of a wide time window for quantized pump-
ing. These gaps, particularly those within the degenerate
manifold, are due to complex and difficult to unravel fi-
nite size effects, which has prevented us from obtaining
any further insight on the exact conditions for quantized
pumping to occur.
Experimentally, two potential platforms for realizing
this physics are superconducting g-mon qubits and cold
atoms with synthetic dimensions. With g-mons, one
would directly create the lattices and complex hoppings
by doing time-dependent shaking of the potentials, as re-
alized experimentally in [30]. The qubit excitations are
known to be well-approximated by tunneling hardcore
bosons and have long coherence time (T1 is around a few
tens to a few hundreds of micro-seconds, much larger
than time window used to observe the quantized pump-
ing). The system sizes proposed of order 20-40 qubits are
commensurate with state-of-the-art experiments [47, 48].
The second possibility is to use ultracold atoms in an
optical lattice. A synthetic dimension consisting of four
atomic hyperfine levels could be employed to create the
cylindrical geometry. Synthetic dimensions have been
successfully used to demonstrate non-interacting topo-
logical phases, including many of the key ingredients of
our proposal such as using artificial gauge fields – cre-
ated by a pair of Raman beams – to break time-reversal
symmetry [23–25]. As an explicit example, we consider
realizing the 4×12 square lattice using the 52S1/2, F = 1
4and F = 2 levels of 87Rb. We propose to use an external
magnetic field along the z-direction to split themF levels,
after which laser beams could be employed as in Fig. 3(c)
to the |F = 1,mF = 0/ ± 1〉 and |F = 2,mF = 0〉 state.
A length-4 cycle is formed in the synthetic dimension
(y), with hopping phases controlled by spin dependent
tunneling phase. Unlike real dimensions, synthetic di-
mensions have unusual interactions corresponding to in-
terspecies interactions between atoms on the same site.
We model this effect here by adding isotropic interactions
between the hyperfine levels:
HAd = U
′
∑
n6=n′
nˆm,nnˆm,n′ . (4)
Figure 3(b) shows that for finite on site Hubbard interac-
tion and weak adjacent interaction, U/J = 8/3, U ′/J =
1/3, the near-quantized pumping remains.
Conclusion – In summary, we have presented an exper-
imental proposal to observe the bosonic fractional quan-
tum Hall effect physics on both triangular and square
lattices with a relative small lattice size. Only nearest
neighboring tunneling is required in our proposal, and
the phases required for the nearest neighbor tunneling
are within existing experimental capability. For g-mon
qubits, the non-trivial tunneling phase is obtained by pe-
riodically modulating the coupling strength J0i . Since the
frequency of the modulation (ω) is much larger than the
coupling strength |J0i |, at the short or medium time lim-
its considered here, the dynamics is well approximated by
the effective Hamiltonian used in this work. Similar ex-
periments are possible by exploiting synthetic dimensions
made from hyperfine levels of 87Rb in a one-dimensional
optical lattice.
This would be the first experimental demonstration of
bosonic fractional Hall physics and of fractional Chern
insulators, bosonic or fermionic, in engineered systems.
We note that the flat bands demonstrated here by Flo-
quet engineering are not special to bosonic systems, so we
expect that similar topologically ordered phases should
be achievable in fermionic systems as well.
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I. SUPPLEMENTARY MATERIAL
Figure. 4(a) shows the deviation from the quantized
charge transport (Q2pi) for the 24-site triangular lattice
at half-filling when the flux-pumping time is too small
(T = 0.05 µs (red stars), T = 0.1 µs (blue dots) for J =
30MHz) or too large (T = 10 µs) compared to optimum
time which is around T = 1.32 µs. The corresponding
band-structure following the injected flux (as shown in
Fig. 2(a)) is shown in Fig. 4(b), there is a band gap for the
relevant bands as is shown by the black circles, and which
give the same time scale as the optimum time T = 1.32 µ
for |J | = 30 MHz.
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FIG. 4: 24 sites triangular lattice on cylinder with half filling
ν = 1/2 (hardcore bosons). (a) Deviation from the fractional
quantized charge transport (Q2pi = 1/2) when the flux pump-
ing period T is too small/large compared to the optimum
value as shown in the main text. (b) Band-structure of the
lattice on the cylinder as a function of the flux, φ, along the
axis of cylinder. The black circle shows the finite band gap
due to finite size effects (which gives the same time scale as
the optimum T ).
